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Evaluation of Transition in Flight Tests Using Nonlinear
Parabolized Stability Equation Analysis
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The VFW 614/ATTAS flight tests have provided an extensive database for the analysis and development
of methods to predict transition for aerodynamic design. While previous work has rested on the e"
method, we re-evaluate two Tollmien-Schlichting-dominated test cases using the linear and nonlinear
parabolized stability equations (PSE). We compare results obtained by standard, linear local stability
theory with results obtained by linear PSE, investigate possible transition mechanisms for the two test
cases, and perform parametric studies to estimate the initial amplitudes to start the PSE calculations.

Introduction

HE tools currently used to design laminar wings are based

on the e method."? Ideally, the design engineer would
like to have one or two universal values of the N factor to
decide on the transition location. Numerous strategies have
been developed to produce such values by integrating the am-
plification rates provided by the linear stability theory in more
or less physical ways.”~* While success has been reported for
some efforts,® the value of the ¢” method has been questioned
by others.” Obviously, the linear theory of primary instabilities
cannot explain the complex nonlinear transition phenomena
and their dependence on the disturbance level. However, in the
absence of a practical nonlinear approach, the e” method has
been more successful than previous criteria based on lump
parameter values that completely ignore the stability charac-
teristics of the flow.

A variety of N factor integration strategies were applied by
Schrauf ® to evaluate the flight tests with the VFW 614/ATTAS
aircraft. These flight tests covered a range from Tollmien—
Schlichting (TS)- to crossflow (CF)-dominated conditions. No
universal N factor could be found with the envelope method.
Strategies that adhere to physical constraints provide more
consistent values, though they are different for TS- and CF-
dominated cases. Ironically, use of the incompressible stability
theory gives more consistent results in the Mach number range
0.3 =< M. = 0.7 of the flight tests.

A new approach to transition analysis based on parabolized
stability equations (PSE) was proposed by Herbert.” The PSE
form an initial-boundary-value problem that can be solved
with efficient marching techniques, more efficient than direct
numerical simulation (DNS) for the Navier—Stokes equations.
The linear problem, as well as the nonlinear problems of sec-
ondary instability and mode interactions can be treated. Non-
linear studies on instabilities and transition in the flat-plate
boundary layer'®'! have shown good agreement with DNS re-
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sults and experiments. A discussion of the linear and nonlinear
PSE and their applications have been given by Herbert.'?

If the atmospheric and surface conditions as well as the re-
lated receptivity mechanisms were known, the nonlinear PSE
method could predict transition from first principles. Lacking
this information, we will exploit the current body of knowl-
edge and apply the nonlinear PSE to re-evaluate some of the
VFW 614/ATTAS flight tests.

ATTAS Flight Tests

Sponsored by the German laminar-flow research program,
the VFW 614 aircraft of the DLR was equipped with a lami-
nar-flow glove (Fig. 1). The glove was designed to show the
effects of TS and CF instability separately within the test en-
velope. The tests, carried out together with the DLR, covered
Mach numbers from 0.35 to 0.7 and Reynolds numbers from
12 X 10° to 30 X 10°. By flying with sideslip, the sweep angle
could be varied from 18 to 24 deg. Pressure distributions were
measured as input for the boundary-layer calculations and sub-
sequent stability analysis. The transition location was detected
by an IR image technique.

Two test cases were chosen for this investigation. Mach
number, Reynolds number, geometrical as well as effective
sweep angles, and the transition location are listed in Table 1.

Fig. 1

VFW 614/ATTAS aircraft with laminar-flow glove.
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Table 1 Flow conditions

Parameter A B

M 0.60 0.35

Re 15,700,000 12,200,000
PcEo 17.3 deg 17.6 deg
Prrp 21.9 deg 21.2 deg
Transition 40% 17%

Both cases are dominated by strong TS amplification. Case
A exhibits moderate and case B weak growth of crossflow
vortices. Crossflow-dominated cases will be considered later."

Linear Analysis

The boundary layers were calculated with a modified ver-
sion of the Kaups—Cebeci code'* and the LISW code,” de-
veloped at Daimler—Benz AG, and stored in a database. This
database was already used in the previous analysis® with the
linear stability code COAST.'® The boundary-layer files con-
tain sufficient data for the traditional linear stability analysis
(LST), but not for PSE analysis, which also requires the
streamwise derivatives of the velocity components and the
small velocity component normal to the wing surface. To avoid
discrepancies caused by different boundary-layer profiles, the
data of the boundary-layer database are used here. Thus, for
the analysis presented in this article, we neglect the normal
velocity component as well as the streamwise derivatives of
the boundary-layer flow. We also neglect curvature effects.

As a first task, the results of the two LST codes COAST
and LISA (Ref. 17) for LST characteristics were validated.
Similar comparisons between the results of COAST and the
codes used at CERT/ONERA were performed for an infinitely
long, swept cylinder'® and for the F100 flight experiments
within the European ELFIN VII programs.” Already with
moderate resolution, e.g., 50 points in normal direction, the
amplification rates for TS waves and steady crossflow vortices
agree within a relative error of 1% between COAST and LISA.
The eigenfunctions are often indistinguishable within plotting
accuracy as shown in Fig. 2.

To present comparisons between LST and linear PSE anal-
ysis, we chose test case A with strong TS and moderate CF
amplification. The N-factor evolution of the TS and stationary
CF wave with the largest N factors at transition is plotted in
Fig. 3. Comparisons of the local spatial amplification rates ob-
tained with the LST codes COAST and LISA as well as with
the PSE code COPS (Ref. 20) are shown in Figs. 4 and 5. We
observe that for the TS wave the amplification rates obtained
with LST and linear PSE are practically identical, whereas they
are different for the crossflow vortex. This shows a posteriori
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Fig. 5 Case A: dimensional local spatial amplification rates for
the stationary CF wave.

that the TS-amplification rate does not .depend on nonlocal
effects.

We can calculate N factors from PSE results by taking the
natural logarithm of the amplitude ratio A/A,, where A is the
current amplitude and A, is the amplitude at the neutral point.
Again, PSE N factors are larger than LST N factors for cross-
flow waves (Fig. 6) and nearly identical for TS waves (Fig. 7).
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Fig. 7 Case A: N factors for the TS wave.

The importance of nonlocal effects for stationary crossflow
vortices is heuristically obvious since a section of a stationary
CF vortex feels the presence and the strength of the section
upstream, i.e., the vortex pieces are not independent of each
other. If they were, they would not align and create the streak
pattern observed in transition visualization. TS waves behave
differently: each wave propagates downstream independent of
the waves upstream.

Nonlinear Analysis

Initial Amplitades

The stability equations for the traditional, linear local theory
are ordinary differential equations that form an eigenvalue
problem. Only the shape of the eigenfunction is determined by
the problem, because we can multiply the eigenfunction with
any complex factor. For Fig. 2, we chose the factor such that
the maximum of the streamwise velocity component becomes
real and has the value of 1.

The parabolic stability equations constitute an initial-bound-
ary-value problem. Besides boundary conditions, we also need
initial conditions to start the calculation. In the previous sec-
tion, we started the computations upstream of the neutral point
and used the eigenfunction obtained by LST to determine the
shape of the initial function. But with which value of the am-
plitude should we start the calculation? The best answer would
require an understanding of the process by which external dis-
turbances like freestream turbulence or surface roughness cre-
ate Tollmien—Schlichting or crossflow waves in the boundary
layer. Although significant progress concerning receptivity has

been made, we are not yet able to calculate initial amplitudes
because there is insufficient documentation of the environmen-
tal disturbances in free flight.

To make PSE calculations feasible for the design engineer,
we need standard initial conditions. Lacking any information,
we assume that disturbances in the oncoming freestream in-
duce wave-like disturbances with a broad frequency range ev-
erywhere in the boundary layer. The disturbances induced up-
stream of the neutral point are damped out. The ones in the
neighborhood of the neutral point play the most important role
because they are maximally amplified. If the disturbances are
induced further downstream, they are not so much amplified,
and therefore, less noticeable.

With this in mind, we claim as a working hypothesis that
there is a standard initial amplitude for TS waves, independent
of the frequency and independent of the location of the neutral
point.

For a first estimation of this amplitude, we note that, for TS-
dominated transition, the amplitudes reach values of 10-15%
at transition and that the N factor is between 9—11. From this,
we obtain initial amplitudes of the order of 107° to 2 X 1077
for Tollmien—Schlichting waves at the neutral point.

A similar argument holds for stationary crossflow vortices.
We assume that these vortices are triggered by surface rough-
ness or small-scale surface waviness that is equally distributed
over the glove surface, i.e., we assume a uniform surface qual-
ity. Therefore, we may assume that the initial amplitude is
independent of the position of the neutral point. We also as-
sume that, at least for the strongly amplified crossflow vortices,
the initial amplitude is independent of the wavelength, and of
the dimensional spanwise wave number of the crossflow vor-
tex.

Miiller” and Saric®® report that the amplitudes of the sta-
tionary crossflow waves reach 10—12% in the transition re-
gion. With an N factor of about 10 at transition, we arrive at
initial amplitudes of the order of 5 X 107° for the crossflow
vortices.

With these two hypotheses we can proceed to study the dif-
ferent interaction mechanisms.

TS/CF Interaction

One possible mechanism leading to the breakdown of lam-
inarity is the interaction of a Tollmien~Schlichting wave with
a weak crossflow vortex. To study this mechanism, we chose
flight measurement B with strong TS and weak CF amplifi-
cation. For this case, transition was observed at 17%. Accord-
ing to linear local theory, the TS wave with a frequency of
4000 Hz and the CF vortex with a spanwise wave number of
2000 m™" are dominant at transition. The crossflow vortex has
an N factor of 0.8 at the neutral point of the TS wave. Its N
factor reaches only the value of 1 and decreases downstream
of X/C = 0.08 until it becomes 0.6 in the transition region (cf.,
Fig. 8). Thus, according to the ¢" method, the vortex with S
= 2000 m™" should have no influence on transition.

The nonlinear calculations are started just upstream of the
neutral point of the TS wave at X/C = 0.03. For the first series
we choose a fixed initial amplitude of Ace, = 107° for the
crossflow vortex, which corresponds to an initial amplitude of
Acro = 5 X 107° at its neutral point at X/C = 0.004. The initial
amplitude of the TS wave is varied. For very small values the
natural logarithm of the TS amplitude is identical to the shifted
N-factor curve of Fig. 8. If the initial amplitude is increased
to 2 X 1077 (see Fig. 9), two oblique waves (these two modes
are not symmetric because the boundary layer is not two di-
mensional), with the frequency of 4000 Hz and spanwise wave
numbers of +2000 m™’, are created by the nonlinear interac-
tion of the TS wave with the crossflow vortex. Their growth
is governed by the growth of the TS wave, because the CF
amplification is weak. When the TS wave reaches a threshold
amplitude of 0.8%, the two oblique waves interact with the
already decaying crossflow vortex. Because the TS wave driv-



SCHRAUF, HERBERT, AND STUCKERT 557

14 . .
o—=o TS, y = 0°, { = 4000Hz
12 | x—= CF, f = OHz, B = 2000m" 1

10

N-FACTOR

0 ¥ 7 1
0.0 0.1 0.2 0.3

X/C

Fig. 8 Case B: TS and stationary CF wave with largest N factors
at transition.
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Fig. 10 Case B: TS/CF interaction with initial TS amplitude dou-
bled to 4 X 107",

ing the mechanism decays after reaching the threshold ampli-
tude, there is no additional forcing and all waves decay.
Therefore, we doubled the initial TS amplitude to 4 X 1077,
so that the TS wave reaches its critical amplitude of this time
1.1% somewhat earlier (Fig. 10). Again we observe the inter-
action of the two oblique modes with the decaying crossflow
vortex. This time, however, the TS wave still grows suffi-
ciently strong for the amplitudes of the three locked modes to
reach the level of the TS amplitude, and all four waves inter-
act. This results in additional growth, though without interac-
tion each wave would decay. An estimated two TS wave-

lengths (about 1% chord) downstream of the interaction of all
four modes, we expect the flow to become turbulent. This, of
course, cannot be simulated by considering only four waves.
In the following calculations we increased the TS amplitude
to larger values. The qualitative behavior remains the same.
Only the location X,/C of the interaction of the two oblique
modes with the crossflow vortex and the location X,/C of the
interaction of all four considered modes are shifted upstream.
For an initial TS amplitude of 107%, X,/C is 0.165, i.e., just
upstream of the measured transition location (cf., Fig. 11).

In Fig. 12, the initial TS amplitudes are plotted over the
location X,/C. The best correlation of X,/C with the transition
location is obtained with an initial amplitude of 107°, consis-
tent with the estimation of the previous section.

In our second series of calculations we varied the initial
amplitude of the crossflow vortex. Again we find the interac-
tion of the two oblique modes with the crossflow vortex when
the TS amplitude reaches a threshold value of 1.5%. The cou-
pled modes exhibit a strong growth. All four modes -interact
when their amplitudes reach the level of the TS amplitude.
The positions X;/C and X,/C, however, are nearly independent
of the choice of the initial CF amplitude, even if we reduce it,
compared to the result shown in Fig. 11, by a factor of 10 and
a factor of 1000 (cf., Fig. 13). The strong TS wave governs
the scenario, and we are unable to estimate the initial CF am-
plitude using a parameter variation.

In the next calculation (Fig. 14), we show that the four
modes, considered to this point, are in fact, the principal
modes. We do this by repeating the calculation, including all
modes with frequencies n X 4000 Hz, n =0, 1, 2 and spanwise
wave numbers of [ X 2000 m™', j = 0, *1, *£2, except the
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Fig. 11 Case B: TS/CF interaction with initial TS amplitude in-
creased to 107
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Fig. 12 Correlation of the location X,/C with the observed tran-
sition location.
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Fig. 13 Case B: two nonlinear PSE results with initial CF am-
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Fig. 14 Case B: recalculation of Fig. 11 allowing for 12 inter-
acting modes.
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Fig. 15 Case A: TS/CF interaction for case A. Variation of the
initial CF amplitude.

mode (0, 0). We see that the additional modes, though they
are also growing strongly, are governed by the four principal
modes and do not change the scenario.

Two results for the other flight measurement are shown in
Fig. 15. As before, the TS wave dominates the interaction pro-
cess. With a parameter variation, we obtain the best correlation
of the transition location of the position X,/C for TS ampli-
tudes in the range of 1-5 X 107° The CF initial amplitude is
again less important, as can be seen from the relatively small
shift of X,/C from 0.395 to 0.415, even though the CF ampli-
tude is reduced by a factor of 20. This case is, however, less

suitable for a correlation, because small wiggles in the C, dis-
tribution create wiggles in the TS amplitudes that cause small
jumps in the location X,/C.

Subharmonic Resonance

As a second model of TS-dominated transition, we analyze
the subharmonic secondary instability.”® In a three-dimensional
boundary layer, this secondary instability (the subharmonic
resonance) is different from its well-documented two-dimen-
sional counterpart, because the crossflow velocity destroys the
symmetry between the two oblique waves.

The typical development of the interaction proceeds in four
phases that we present using flight measurement B. As before,
we consider the. Tollmien—Schlichting wave with frequency
2750 Hz, because it is the one with the largest N factor at
transition. In addition to the TS wave, we choose two subhar-
monic oblique waves with f= 1375 Hz, 8 = ¥162 m™', and
a wave angle of ¥ = F52 deg. Both waves are damped at the
neutral point of the Tollmien—Schlichting wave.

We start our first run, using initial amplitudes of 10~° for
all three waves (cf., Fig. 16). As long as the amplitudes are
small, all three waves travel independent of each other. Their
propagation can be described by linear local theory. When the
amplitude of the TS wave increases, the weaker of the two
oblique waves is at some point forced to adjust its phase and
to grow stronger until the amplitudes of both oblique waves
have the same size. This occurs when the TS amplitude
reaches a value of 0.25-0.5%, and concludes the second
phase. In the third phase, both modes interlock and exhibit
strong growth. When their amplitudes reach a level of about
2.5-3% (we found in some calculations values from 1.3 to
4%, i.e., this level is less sharp), the oblique waves interact -
with the TS wave and all three modes grow rapidly. Before
that interaction, the growth of the TS wave can be described
by local linear theory. Afterwards, the point of no-return is
passed and the flow loses laminarity.

The beginning of phase three, i.e., the locking position of
the two subharmonic waves, depends on the amplitude of the
TS wave. It does not depend on the initial amplitudes of the
two subharmonics. This can be seen in Fig. 17, where we
increased the initial amplitudes of the subharmonics so much
that their amplitudes do not fall below a level of 107°. We see
that the locking of the two subharmonics happens at the same
position, but, at a different amplitude level. Because the
growth rate of the two locked modes is the same as before,
the threshold level of 2.5% is reached earlier, resulting in an
earlier rapid growth of all three waves.

We justify choosing the initial amplitudes such that the wave
amplitudes do not fall below a certain minimal level by our
assumption that disturbances in the oncoming flow create
waves with a wide frequency and wave number range every-
where in the boundary layer.
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Fig. 16 Case A: subharmonic resonance. The linear development
is included for comparison.
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Fig. 17 Case A: subharmonic resonance with different initial am-
plitudes for the subharmonics.
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Fig. 18 Case A: subharmonic resonance with eight additional
modes.

As before, a calculation with only three modes is far from
being sufficient to further describe the breakdown to turbu-
lence. In Fig. 18 we present a calculation with eight additional
modes. It shows that those modes come into play relatively
late and do not change the four-phase scenario.

In the results presented to this point, phase four starts down-
stream of the observed transition location of 40%. Because of
this, we performed a parameter study by increasing the initial
TS amplitude. For a value of 107° we found a good correlation
with the experimentally observed transition location. In a sec-
ond parameter variation using a TS wave with frequency 3200
Hz, we obtained the level of 3~4 X 107° for the initial TS
amplitude. This is the same range we previously got for the
TS/CF interaction. Thus, at the moment we cannot decide
which of the two possible mechanisms is more likely to be
causing transition.

Combination Resonance

A third possibility for TS-dominated transition is the com-
bination resonance. Instead of two oblique waves with half the
frequency of the Tollmien—Schlichting wave, we consider two
oblique waves with frequency f; = 7 frs and o, = (1 — 7 frs,
such that their superposition gives the TS frequency. An ex-
ample is given in Fig. 19. For combination resonance, the sce-
nario is very similar to the one we encounter for subharmonic
resonance. In this case, however, we have one more degree of
freedom, namely, the value of 7. We found that the most sen-
sitive cases are close to subharmonic resonance, that is, we
obtain for a given TS initial amplitude the largest interaction
for 7 values between 0.5-0.25. The results are similar to those
for subharmonic resonance: if the TS amplitude reaches a

0 : :
o——> (10,0) TS, 3200Hz
——= (7,+1) Right Wave
5L (3,-1) Left Wave ]
< ]
1 -10 -
45 J
_20 L 1 ' i j
0.0 0.1 0.2 0.3 0.4 0.5

X/IC
Fig. 19 Case B: combination resonance. § = 232 m™,

threshold value of 0.25~0.5%, both oblique modes interlock.
The locked modes continue to grow. If their amplitudes reach
a level of 3-4%, they interact with the TS wave and all three
modes exhibit strong growth. This constitutes the point of no
return and the laminarity of the flow breaks down.

Conclusions

Two flight tests with the VFW 614/ATTAS laminar flow
glove have been analyzed. A comparison of the results ob-
tained with standard, linear local stability theory and linear
PSE showed that the amplification rates of crossflow vortices
become larger if nonlocal effects are considered, whereas the
amplification rates of Tollmien—-Schlichting waves stay un-
changed. Nonlinear PSE calculation show that there are three
scenarios that could cause the laminar/turbulent transition,
namely, TS/CF interaction, subharmonic resonance, and com-
bination resonance.

To further develop nonlinear PSE calculations as tools for
transition prediction, it is important to find standard initial am-
plitudes for each experiment. For the ATTAS flight test, we
found a value of 107° for the initial amplitude of Tollmien—
Schlichting waves.
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